Go With the Flow: Fast Diffusion for Gaussian Mixture Models
Supplementary Material

The supplementary document is organized as follows.

* In Appendix A, we provide the technical proofs of the results in the main paper, an opti-
mality analysis of Theorem 2, and the complexity analysis of Algorithm 1.

* In Appendix B, we discuss continuous mixtures and applications to heavy-tailed distribu-
tions.

* In Appendix C, we provide additional numerical experiments and some details for the ex-
periments of Section 5 in the main paper.

* In Appendix D, we provide technical background for the Gaussian Schrodinger Bridges

with LTV prior dynamics.
A Proofs
All proofs are carried out for a stochastic Linear Time-Varying (LTV) system
dxt = Atﬂft dt + Btu(a:t) dt + Dt dw, (Al)

where z; € R%, A; € R4 o, € R™, B, € R>*™, D, € R¥¥9 and dw is the ¢g-dimensional
Brownian increment having the properties E[dw] = E[dwdt] = 0 and E[dw dw'] = Idt. The
dynamical system (12b) is just a special case of (A.1) with A, = 0, B, = I, D; = /e I, while the
second order model (16b) can be captured by

a=lo o m={)]. pi=vell]. (A2)

A.1 The Fokker-Planck-Kolmogorov Equation

The equation describing the propagation of the distribution of the state of the dynamical system
(A.1), known as the Fokker—Planck—Kolmogorov (FPK) equation (Séarkkd & Solin, 2019) is:

8pt + Z (pt Atl’ + Btut ) Z a.’E O tDI]ijt) = O7 (A3)
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where, for simplicity, we write p; = p(t,x). This equation can be written more compactly using
standard vector notation as follows

0 1

% +V- (pt (Ayz + Btut(x))) - §tr (D:D{V?p;) =0, (A4)
where V2p; denotes the Hessian of the density with respect to the state z at time t. In the specific
case where D; = /e I, equation (A.4) reduces to the well-known equation

s,
% +V- <Pt(14t$ + Btut(ﬂf))) - %Apt =0, (A.5)

where A denotes the Laplacian operator.

A.2  Proof of Proposition 2

Let po ~ N (po, o), p1 ~ N (p1, 1) be two multivariate Gaussian measures in R<, and consider
the entropy regularized 2-Wasserstein distance problem between pg and p1, defined by

Wilpolp) 2 _min [ o~ ylPdnoy) + Diaelme ). (4

where Dk, denotes the KL-divergence operator.
In (Mallasto et al., 2022, Theorem 2), it is shown that (A.6) admits the following closed-form solu-
tion

€
WS(pollp1) = Il — mol)* + tr(Xo) + tr(X;) — 3 (trM,. —logdet M + dlog2 — 2d), (A.7)



where M, = I + (I + (4/€)?20%1 ).

Returning to Problem (6), let P, YW be the path measures corresponding to the controlled SDE
of (6) (expressed as the first constraint) and the Brownian motion with covariance el respectively,
with initial conditions sampled from pg. Let D(pg, p1) denote the set of all path measures with
marginals pg, p1 attimes ¢t = 0 and ¢t = 1. Then, the SB problem (6) admits the following equivalent
representations:

IIJU—yII2 d }
inf D PlIwe inf / ————dn(zx, +H + — log(2me
ot D (PIW) = ﬂenw){ (@.9) — H(x) + H{po) + & log(2rc)
(A.8a)
1
= inf E[/ 1||ut(xt)||2dt}:1JGSB (A.8b)
PED(po,p1) 0 2€ 2¢ ’

where (A.8a) is due to the disintegration of the path measures, and (A.8b) is due to Girsanov’s
Theorem. We refer the reader to Chen et al. (2021) for a detailed derivation. Solving (A.8b) for
Jasg, we obtain

Jasp = inf {/ llz — y||*dn(z,y) — 2¢H (1) — 26H(p1)} , (A.9)

up to a constant independent of the parameters of pg, p;. Using the closed form solution for (A.7),
and noting that

DKL(TF”po@pl):—H(W)+H(po)+H(p1), (AIO)

and that the differential entropy of the multivariate Gaussian distribution is

d
H(p) = log det ¥ + = log 2re, (A.11)

we conclude that the optimal cost of Problem (6) is equal to
Jass = W3 (pollp1) — 2¢H (p1)
= |lp1 — poll® + tr(Xo) + tr(S1) — € (trMy, — logdet My, + logdet 1),  (A.12a)
up to a numerical constant independent of pg, p1, which concludes the proof.

A.3 Proof of Theorem 1

First, notice that the probability flow (14) satisfies the constraints (12c) for all feasible values of \;;,
since

Po = Zpo\ij)‘w ZN NOaZl ij ZN Uo;zz)am (A~13a)
2 2

P11 = Zpl\ij/\w ZN /—llazl ij ZN U1a27 (A13b)
2 2

Therefore, it suffices to show that the policy (13) produces the probability flow (14). Following the
approach of Lipman et al. (2023) and Liu et al. (2024), we show that the pair (13), (14) satisfies
the FPK equation. We start from the FPK equation describing a conditional flow and sum over
all conditional variables to retrieve the unconditional flow. Specifically, given that the individual
policies w,;; solve the Gaussian Bridge subproblems (6), the pair (py;;, uq|;;) satisfies the FPK
equation for the dynamical system (A.1), that is,

apt\ij
ot

Multiplying equation (A.14) by \;; and summing over , j, we obtain

1
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which implies that

0
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This can be further simplified as
Ipi Pt|ij )‘ZJ 1 T2
— + V- A B i — —tr (D:D;V =0, A.17
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which yields that
0 1
a/: +V. <Pt(At5U + Btut)) —tr (DyD{V?(py)) = 0. (A.18)

This completes the proof.

A.4 Proof of Theorem 2

It suffices to show that the cost (12a) is upper bounded by the cost of (15a). Substituting policy (13)
to the cost (12a) we obtain
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where (A.19b) is due to Fubini’s theorem (Wheeden & Zygmund, 1977, Theorem 6.1) and (A.19¢)
makes use of the discrete version of Jensen’s inequality (Wheeden & Zygmund, 1977, Theo-
rem 7.35).

A.5 Optimality of the Upper Bound of Theorem 2.

To assess the optimality of the upper bound introduced in Theorem 2, we study the gap between
Jot and Jgymv in the following theorem.

Theorem 7. In the setting of Theorem 2, let py);;(x), uy)i;(x) be the solution of the (i, j)-GSB and
us(x), pt(x) as defined in (13), (14). Then, the following bound holds for JoT, Joym.

<o —dom < [ | 3 s -
i’ #£i

J?é]

where the dependence on x is omitted for notational convenience.

szt|zja/\z']'pt\2] }dl‘dt (A.20)



Proof. We first express u;(x) as an expectation, i.e.,

Zut‘lj pt‘”t( ))/\ = E[wt(x)]’

where w;(z) follows a discrete distribution defined by {w; () = wuy;;(x) W.p. pyjij(x)Nij/pe()}.
Note that for a random variable 2 € R?, the variance decomposition yields
IE2][* = Efll«]*] - Elllz — Efz]|?]-

Using the last equation and the expression u;(z) above, written as an expectation, we obtain

1
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The fact that the second term in the last equation is non-negative justifies the upper bound in The-
orem 2. Next, we show that when the conditional densities are well separated, the second term in
the last equation becomes arbitrarily small, and the bound becomes tight. Expanding the term in-
side the norm in the integral of the last equation, and dropping the dependence on x for notational
convenience, we obtain
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Substituting this upper bound in the expression for Jgy and rearranging, we get

0 < Jot — Jamm
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|” min{\; pejij, Aivje prjir o da dt,

where the last inequality comes from the inequality < Z o < min(a;, a;) for all positive numbers
{a;}_,. This completes the proof. O



Letting

~ Jmin{ i pepizs Airgpeer g b dt

S mind i oy, Airjr pejir ey dac dt

that is, the normalized distribution of the minimum of the densities p¢|;;, p¢|i7;, and assuming that
Eq[llugij(x) — ugar jo(2)][?] < oo, since the policies uy;; are affine with respect to x, we conclude
that

Q

JOT _JGMM —0 as Tv(pt\ijvptﬁ’j’) —1 Viajvi/ajlv(ivj) 7& (i/aj,)7 (Azl)
where TV (u, v) denotes the total variation between two probability measures.

A.6 Training and Inference complexity of GMMflow

In this section, we provide a computational complexity analysis of Algorithm 1 with respect to the
number of components in each mixture and the problem dimension. The computational complexity
of fitting a GMM using the EM algorithm scales as O(INK (D + D?)) (Pedregosa et al., 2011),
where I is the number of EM iterations, N is the number of data points, K is the number of Gaussian
components (modes), and D is the dimensionality of the data. Once the GMMs are fitted, solving
a linear program with Ny x N; variables, where Ny and N; denote the number of modes in the
input and output distributions, respectively. Modern solvers such as MOSEK (Mosek, 2020) effi-
ciently solve LP problems using interior-point methods, which have a computational complexity of

O(VIN?) (Boyd & Vandenberghe, 2004), where [ represents the number of constraints.

Regarding the computational complexity of inference, each evaluation of the GMMflow policy, i.e.,
equation (13), scales linearly with the number of components in each mixture and the SDE integra-
tion also scales linearly with the number of discretization time steps. In practice, when implementing
the GMMflow policy, only a small number of GSB policies are computed since the component level
transport plan );; is sparse. Moreover, this computation is done in parallel for all conditional policies
together. This results in very fast, practically constant-time inference regardless of the component
number or problem dimension.

A.7 Proof of Theorem 3
We start by noting that we can write the dynamical system (16b) in the form of (A.1) with

0 I 0 0
Ay = [0 0} , By = [I] , Dy = [\/EI] . (A.22)
Due to (19) the joint density of the phase space (z¢, v¢) is given by
_ ) I VA Y PI¥ D IH
i =S (][] [ S ) (a.23
We now note that for all j =1, ..., M, the position marginal x;, at time ¢; is distributed as

Nj N;
2o~ Y NN B0 =)0 Y AN @R T =Y afN (i, 55, (A24)
i k=1

k=1 {izi;=k} =

and therefore the flow (19) satisfies the constraint (16¢). Using a similar approach to the proof of
Theorem 1, we will show that (18) produces the probability flow (19) by summing over all con-
ditional GMSB flows. To facilitate notation, we will denote the phase space by z € R2? je.,
z = [x;v]. Given that the individual policies uy); solve the GMSB subproblems (10), the pair
(,Ot|i, ut\i) satisfies the FPK equation for the dynamical system (A.1), that is,

8p i 1
a: + V- (pyi (A2 + Buy)) — Str (DDV?(py3)) = 0. (A.25)
Multiplying equation (A.25) by \; and summing over i, we obtain
Ipuji 1 T2 _
> 5 Vo (i (Az + Buys)) — St (DDTV2(pys)) | =0, (A.26)



which implies that

0
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This can be further simplified as

Ope PriAi 1 T _
which yields that
Opt

1
StV (pt(Az ¥ But)) ~ 5t (DD'V3(p)) = 0.

This completes the proof.
A.8 Proof of Theorem 4

(A.27)

(A.28)

(A.29)

The proof is similar to that of Theorem 2. Substituting policy (18) to the cost (16a) we obtain
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where (A.30b) is due to Fubini’s theorem (Wheeden & Zygmund, 1977, Theorem 6.1) and (A.30c)
makes use of the discrete version of Jensen’s inequality (Wheeden & Zygmund, 1977, Theo-

rem 7.35).

A.9 Proof of Theorem 5
The proof is similar to the (discrete) GMM case. First, notice that

po = / P0jwo,wi AN (wo, w1) = N (o (wo), Lo (wo))dPo(wo),
R™ xR™ R™
p1= / P1jwo,ws AN (wo, w1) = | N (p1(w1), ¥1(wr))d Py (wy).
R’V‘I’L XRm R’V‘I’L
Next, notice that oy, and Ugjw,,w, satisfy the FPK equation:
6pt\wo,w1

ot
By taking the expectation with respect to the distribution A(wyp, w1) in (A.33), we get

fore
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which implies that
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2 R™ xR™
which yields that
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ot ( ( o t Rm xR™ thoosw f]Rm R™ pt|wo7w1dA(w07w1)
1
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Hence, we conclude that
0 1
(;;t + V- (pt(AtIEt + Btut)) — itr (DtDtTvz(pt)) =0. (A37)

A.10 Proof of Theorem 6
The proof is similar to the (discrete) GMM case. We can compute that
2

1
pt|wg,w1($)dA(w07w1)
JoamMm = Eqg,np, / / Utjwgwr (T dt (A.38)
P 0 R™ xR™ t| ’ 1( )f]R"”XR"" pt|w0’w1(l‘)dA(w0,wl)
2
pt\wo,wl(x)dA(wmwl)
p / Ut w dzdt (A.39)
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mseom || Ut wo w1 L(@)dA(wp, w
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meme pt|w07w1( )dA(wOawl)

/ / / tgn s (@) 2Pt (2)dA (w0, w1 )t (A41)
n RWLXRTN

- / Eomprung oy { / [ (m)||2dt] dA(wo, wy). (A.42)
Rm xR™ 0
Hence, for any A € II(Py, P),
JGMM S / J(’U}o, wl)dA(wo, U}l). (A43)
R™ xR™
By taking the infimum over A € TI( Py, P) in (A.43), we conclude that Joym < JorT.

B Continuous Gaussian Mixtures

Theorem 6 reduces the high-dimensional dynamic optimal transport problem (21) to the simpler,
static OT problem (24) in the space of couplings between the parameter distributions, i.e., [1( Py, P ).
Although in general, problem (24) is still difficult to solve, in many practical applications the pa-
rameter spaces wp, wy are one-dimensional and J(wg, w1 ) has a tractable closed form. Under these
conditions, and provided the distributions Py, P; admit positive densities pg, p1, (24) can be solved
in almost closed form (Santambrogio, 2015).

Our motivation for the extension to continuous mixtures stems from the fact that many heavy-tail
distributions, such as the multivariate Student-t distribution and the alpha-stable distribution, can
be expressed in the form of continuous Gaussian mixtures. In this context, one can use a general-
ized version of Theorems 1 and 2 to create tractable upper bounds on the 2-Wasserstein distance
between such distributions and approximate the corresponding optimal transport map, displacement
interpolation, and flow fields, respectively.



B.1 Multivariate ¢-Distribution

The Student-t distribution has been used as a heavy-tailed alternative to the Gaussian distribution, as
a generative prior distribution in diffusion models and related generative models in the recent litera-
ture; see e.g., Kim et al. (2024); Pandey et al. (2025); Cordero-Encinar et al. (2025). In this section,
we will explore the use cases of Theorems 5 and 6 to the case of Student-t boundary distributions.

To this end, let zg, z; follow d-dimensional multivariate ¢-distributions with parameters v, j1g, >
and vy, ju1, $1 respectively.?

A multivariate ¢-distribution can be viewed as a generalized Gaussian mixture model; see, for ex-
ample, Andrews & Mallows (1974). More specifically, let ug, u; follow a gamma distribution,’
ie.,

ug ~ Gamma(rg /2,19 /2), uy ~ Gamma(vy /2,v1/2), (B.2)

and conditional on ug, uy, g ~ N (pg, ungo) and 1 ~ N (1, uy " 3) respectively. Then, w3 =

uy ! follows the distribution InverseGamma(vy/2, 1/2) and w? = u; " follows the distribution
InverseGamma(v; /2, v /2), that is, w3 has the probability density function

2/1y)"0/? vo g — -2

(F/(u?))/z)ﬂ/x) B+l s, (B.3)
and w? has the probability density function

2/ )v/? v _ 2

(F/(vll)/z)(l/w)f“e (B.4)

Let Py, P, po, p1 the CDFs and PDFs of wg, wy respectively. Starting with the CDF of w, we have

2
* 2/1/0)1/0/2 ro -2 1“(1’70’1’702)
Po(e) = P(wo < 2) = Bui <a?) = [ L7 s wsg, = Hhat) g
b(a) = Plu < ) =P <o) = [ By e Sy = SAES @5)
which implies that wy ~ Py has the probability density function
d (2/vp)Po/? v ——25  2(2/yg)e/? 2
= —P(wg < x) = 2--——(1 2 e v = 2L (1 /)0t e voe?
po(x) e (wo < x) =2 T(0/2) (1/2%) e vo T(0/2) (1/x) e vo
(B.6)
Similarly, w; ~ P; has a CDF given by
L(%. 25)
Pi(z) = =22, (B.7)
F(?vo)
and a PDF given by
2(2/vy)1/2 2
pi(z) = (r{ml}m (1/z) e me (B.8)

With equations (B.5)-(B.8) in mind, consider Problem (21) with Student-t distributions with param-
eters vy, o, 2o and v, p1, 21, that is, continuous mixtures of the form

po(z) = /N(x;uo,wSEo)po(wo)dwo, (B.9a)

pi(z) = /N(%Hl,w%zl)pl(wl)dwh (B.9b)

The density of a multivariate t-distribution with v degrees of freedom, and scale and location parameters
1, 2 respectively, is given by

I((v+4d)/2)
I'(v/2)vd/2md/2|5[1/2

1 Te —(v+d)/2
[1—&-;(:&—;0 ST (T — ) . (B.1)

*Here Gamma(a,b) denotes a gamma distribution with probability density functional proportional to

2% Le™% where a is the shape parameter and b is the inverse scale parameter.



where po(wy), p1(wy) are given by (B.6) and (B.8) respectively.

Considering noise-free dynamics to simplify the respective formulas, as in (21b), the (wp-w1)-GSB
for the boundary distribution parametrization (B.9), admits the following closed form

Ehjwoun = (1 — 12w o + t2wisy + (1 — t)twow; (C + CT), (B.10a)
Hitfwo,uwn = (1 —)po + tpa, (B.10b)
Kijuwgw, = 5157 (B.10¢)
Vtlwe,wy — M1 — Mo, (B.10d)
Stwouwn =t (21 = CT) = (1= )(Zo — O), (B.10¢)

where C = 52 DX, 2, D = (S2%,52)%. Equations (B.10) yield

Pt|wo, w1 (Z‘) =N (x;,ut\wowpzﬂwg,wl) 5 (B.11a)
Ut|wg,w (:L’) = Kt|w0,w1 (.’E - /~Lt|w0,w1) + 1 — Ho- (B.11b)

Furthermore, the optimal cost J(wg, w1) in (24) can be calculated using (9) and equals

J(wo,w1) = |[po — p1||* + witr(Xo) + witr(Sy) — 2wow;tr(D). (B.12)

Focusing on problem (24), it is known that when the transport cost has the form J(wg,w;) =
h(wo — w1) where h is a convex function, the corresponding optimal transport plan is given by
(Santambrogio, 2015, Theorem 2.9)

A*(wo,wy) = (Po_l(x),Pfl(x))#Unif([O, 1)), (B.13)
where Unif ([0, 1]) is the uniform measure over the set [0, 1], and P, ', P, are the corresponding
inverse CDFs of (B.5), (B.7). The cost function (B.12), does not satisfy this condition, since it

cannot be written as a perfect square for general scaling matrices Yo, 1. We resolve this issue
through the following proposition.

Proposition 3. When solving the OT problem (24), the transport cost (B.12) and the cost function
J(wo,w1) = |wg — w1 |? are equivalent, i.e., they result in the same optimal coupling A*.
Proof. Equation (B.12) can be written in the form:

J(wo,w1) = ||po — pa ||* + wE tr(Se — D) + witr(Sy — D) + |wo — wy [* tr(D).  (B.14)

In (B.14), the terms ||po — 11 ||?, w3tr(Xo — D), witr(3X; — D) do not contribute to the optimization
problem in (24), since they are constant for any feasible transport plan A € II(pg, p1) due to the
fixed boundary distributions. By dropping these terms, as well as the positive scaling constant tr(D),
we obtain the desired result. O

Equation (B.13) implies that the optimal value for Problem (24) is given by

1
JgT:/ J(Py(w), Py (w))dw, (B.15)
0

while the optimal control policy u; (x) and the respective density p; (z) resulting from substituting
to the optimal transport plan A* to the formulas (22) and (5) of Theorem 5 are given by

1
p:(:ﬂ):/ ptIPO—l(w)ypl—l(w)(.’E)dw, (B16a)
0
and

1
\ Pepy (w), Py (w) (@)
Ut(fl?):/O Ut|P(;1(w),P;1(w)(I) : p;‘(a;)

Since equations (B.15)-(B.17) involve only one-dimensional integrals, they can be easily computed
numerically using a quadrature. Although P, L P1_1 are not available in closed form, they can be

duw. (B.17)



obtained in most scientific computing packages such as scipy (Virtanen et al., 2020) by properly
scaling the quantile function of the inverse gamma distribution.

To illustrate this approach, we calculate the upper bound (B.15) and the true Wasserstein-2 distance
for a one-dimensional problem between two Student-t distributions with parameters p; = po =
0,%; =1,3% ={0.25,1,4}, v, = 3 for various values of v, € [2.5,10] and report the results in
Figure 5. We note that our approach works for arbitrary Student-t distributions in any dimension,
however, we study the 1D case in this example to be able to calculate the exact Wasserstein distance
and quantify the tightness of our upper bound. Although rigorously studying the tightness of the
bound (B.15) remains an open problem, as evident in Figure 5, it closely approximates the true
Wasserstein distance, at-least in this simple 1D scenario.

51=1,%=025 I1=115=1 . 1=1%I=4

0.6 4

0.4 4

0.2 4

0.0 4

Figure 5: Comparison between true Wasserstein distance and upper bound (B.15) for 1D Student-t
distributions.

We believe this result, along with the policy (B.17) and the interpolation (B.16), could be useful
tools in developing simulation-free methods for training diffusion models with heavy-tail prior dis-
tributions, or for creating tractable OT flows between mixtures of Student-t distributions. We leave
these interesting directions as future work, since they are not immediately related to computationally
inexpensive diffusion model training, which is the main theme of the rest of this paper.

C Additional Experiments and Implementation Details
C.1 Additional Details on 2D Problems

To compare our approach for the problem of Figure 1 with state-of-the-art neural SB solvers we
used the original implementations of the DSB* (De Bortoli et al., 2021) and DSBM? (Shi et al.,
2023). The network architecture used for both algorithms is the fully connected DNN of De Bortoli
et al. (2021) with 128-dimensional sinusoidal temporal encodings, 256 neurons in the encoder layer,
{256,256} neurons in the decoder layers, and SiLU activation functions (Hendrycks & Gimpel,
2016). We run all algorithms and report the results in Table 4. For the zero noise case, i.e., € = 0,
DSB and DSBM are not applicable, so we approximate the true OT cost using discrete optimal
transport, calculated using the POT library (Flamary et al., 2021), using 10,000 samples from each
distribution. As evident from Table 4, although the DSB and DSBM algorithms can approximate the
true SB cost, they fail to retrieve the true optimal solution for larger values of the noise parameter,
due to their non-convex loss functions.

Table 4: Transport cost comparison for the problem in Figure 1
€ | Jor (12a) | Jgmm (152) [ DSBM | DSB | OT

0 | 100.06 89.45 - - 84.87
0.1| 100.15 89.32 84.26 | 98.62 -
1 102.28 89.28 131.50100.82| -

10| 162.13 116.60 133.04 | 244.31| -

Furthermore, regarding the example problem in Figure 2, we provide additional details about the
approximation of the boundary distributions as mixture models in Figure 6.
C.2 Image-to-Image Translation Details

To better evaluate the performance of the proposed approach in the Image-to-Image translation task,
we provide further examples in Figures 9 and 10 as well as approximate training and inference times

*https://github.com/JTT94/diffusion_schrodinger_bridge
*https://github.com/yuyang-shi/dsbm-pytorch
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Figure 6: GT to distribution steering details.

for our approach, and compare them with the training and inference times of LightSB in Table 5. For
our approach, training time consists of the time required to fit the GMMSs in the latents of the FFHQ
dataset for the two boundary distributions, and the solution of the linear program (15). As inference
time, we consider the time taken for the integration of the SDE (or ODE for ¢ = 0) (12b) with the
mixture policy (13). We observe that while inference time is small for solving the deterministic
(optimal transport) problem, i.e., for ¢ = 0, integrating the stochastic dynamical system for positive
values of e requires more time due to the small time step required for SDE integration. The quality
of the produced images was not found to be affected by this parameter, implying that € = 0 could
be used for fast, deterministic inference, while a positive value of ¢ will allow for some randomness
in the generated images. We also note that the faster training time for our approach is mainly due to
the very fast convergence of the EM algorithm, which is also less likely to converge to local minima,
compared to the standard maximum likelihood method for fitting distribution to data. All tests were
conducted on a desktop computer with an RTX 3070 GPU.

Table 5: Training and inference time comparison with state of the art. Inference time is measured
for a batch of 10 images and uses GPU parallelization for calculating the elementary GSB policies
of the mixture policy (13).

Training [s] | Inference (e = 0) [s], | Inference (¢ = 0.1) [s]
LightSB® 57 - 0.02
Ours 17 0.06 0.2

C.3 Multi-Marginal Problems Details

ty tz f3
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Figure 7: Additional visualization of results in 5-d scRNA problem: predicted vs true distributions
for all time-marginals overlayed with the 3-sigma bound for each Gaussian component of the pre-
fitted GMMs.

SKorotin et al. (2024)
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Solution times. To solve each multi-marginal GMSB we use the semidefinite formulation detailed
in Section D and used Mosek (2020) to solve the resulting semidefinite program. Specifically, we
assume the GMMs between the five temporal marginals are spaced 1 time unit apart, resulting in a
problem horizon of 4 time units. We use a coarse temporal discretization with time-step At = 0.1
(i.e., 10 time steps between [t;,t;11]) to evaluate the cost tensor for the optimization problem (20)
and a fine resolution discretization of At = 0.01 for the final policy calculation, solving only for the
GMSBs with non-zero transport parameter A;. There are a total of 3, 125 combinations of GMSBs
for this problem, and the computation of each one using the coarse time grid takes roughly 0.35 s
on an Intel i7 12-th generation CPU with 32 GB of RAM memory, giving a total of 18.5 minutes of
calculations, if all GMSBs are solved serially. This computational overhead can be greatly decreased
if the GMSBs are solved in parallel. In our setup, we parallelized the calculation using MOSEK’s
built-in capabilities and solved them in batches of 12, using 2 CPU threads per problem. This
brought down the total calculation time under 6 minutes. For the final policy calculation, there are
only 21 active GMSBs in the mixture policy (18), each taking 6 seconds to compute. The total run
time for our algorithm for this problem, adds up to 8 minutes for this problem, which is considerably
lower than the corresponding neural methods (24 minutes on GPU for the DMSB algorithm (Chen
et al., 2023)).

Velocity inference. After calculating the conditional GMSBs and solving (4), the marginal mix-
ture distribution for the entire phase-space is fully defined for the entire time horizon of the problem
through Equation (19). Given a position sample z at time ¢ = 0, the corresponding velocity com-
ponent can be inferred using conditional GMM sampling. Specifically, considering that the joint
distribution of the phase space at time ¢ is

_ . x| [HEs DI TED M
pt(x,v) = Z)\l-/\/ <|:’U] ; |:u;)|i:| , |:2;1910 Eglli} s (B.18)

it is easy to show that the density of p;(v|z) is also a Gaussian Mixture Model, since

pt(xav)
or(ola) = @) (B.19a)
t( | ) pt(fﬁ)
oo (3158 )
_ G ti Tt (B.19b)
SN (o i S
SN (s s Sl )N (a3 s =)
_ (B.19¢)
Zi )\iN (x§ /~Lf|iv E?\f)
/\iN <:C7 Mﬁi? Efﬁ) vz v|x
_ Z N (1}; :ut|i , Et\i ) s (B.19d)

TN (o g i)
where Equation (B.19a) is due to the Bayes rule, with (Bishop & Nasrabadi, 2006)
-1
=+ (Sa) (- )
and
v|z VU vT T -1 v
Zt\i = Zt|i — i ( t\i) t]i-

For our problem, we use Equation (B.19d) to sample the initial velocity of a new sample given its
initial position, and then use the joint position-velocity initial conditions to calculate the sample’s
trajectory by integrating (12b).

Visualization of results. To better visualize our results, we provide more information about the
predicted distributions in Figure 7, overlaid with the pre-fitted GMMs at each time step. It is easy to
visually confirm that the 5-component mixtures capture the marginal distributions in all time-steps
accurately, and since our method is exact, there is minimal distribution mismatch in the predicted
marginals, as confirmed quantitatively by the indices in Table 3.
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C.4 Performance on EOT Benchmarks

To further evaluate the optimality of the proposed approach, we tested the algorithm on the Entropic
Optimal Transport benchmark detailed in Gushchin et al. (2023). The benchmark provides a pair of
boundary test distributions pg, p1, where pg is a scaled Gaussian distribution and p; is a mixture-like
distribution that is easy to sample from, and an optimal conditional transport plan 7*(x1|x), which
is a Gaussian Mixture Model and is known in closed form. For the pair pg, p1, the optimal policy
solving (2) can be calculated explicitly, allowing direct comparisons with our approach. The metric
we use to measure the optimality of our approach is the Bures-Wasserstein Unexplained Variance
Percentage (cBW-UVP) (Gushchin et al., 2023), defined by

100%

BW-UVP(#,7) & 020 _
3 Var(p1)

/BW%(ﬁ(x1|xo)||7r*(x1|x0))p0(ﬂc0)dmo, (B.20)

which measures the distance between conditional transport plans, evaluated using the Bures-
Wasserstein metric.

To use the method of Gushchin et al. (2023), we first obtain samples from the two boundary test
distributions and then fit mixture models on them using EM. We then deploy policy (13), and report
the values of the cBW-UVP index between the known optimal conditional transport plan 7* (z1|zg),
and the conditional transport plan resulting from the integration of the policy (13), denoted 7 (z1|xo).
We use 1,000 initial condition samples z(, and for each sample, we draw 1,000 x; samples from
the distributions 7*(x1|xo) and & (z1|z¢) to compute the empirical Bures-Wasserstein distance in
(B.20). The results are reported in Table 6 for problems of various dimensions and noise levels,
along with many other available methods for solving the same problem (Gushchin et al., 2023, Table
5). We note that although our approach requires virtually no training compared to computationally
expensive neural OT and SB approaches, it outperforms many of these algorithms, outlining its
excellent performance in problems where GMMs accurately capture the marginal distributions of
the problem.

Table 6: Comparisons of cBW2-UVP | (%) between the optimal plan 7* and the learned

plan 7. Colors indicate the ratio of the metric to the independent baseline metric:
ratio < 0.2, ratio € , ratio > 0.5.
e=0.1 e=1 e=10

D=2 D=16 D=64 D=128 D=2 D=16 D=64 D=128 D=2 D=16 D=64 D=128

|LSOT] - - - - -
|SCONES] - - - - 136.44 5084 6044  52.11
|NOT] 194 1367 1174 114 477 41.75 286 457 34l 6.56
|EgNOT] 129.8 804 744 638 532 414 264 236 131
|ENOT] 364 22 13.6 126 104 94 48 2.4 19.6 30
|MLE-SB] 457 1612 16.1 1781 413 9.08 127 3.9 12.9
| DiffSB] 13864 1683.6 7086 5342 15646 - - - -
| FB-SDE-A] 86.4 1156.82  1566.44 63.48 131.72
[FB-SDE-J| 11932 173.96 692 155.14 17752 - - - -
[DSBM] 52 168 03 1.1 9.7 3 37 105 3557 15000
|SF? M-Sink| 054 37 95 10.9 02 1.1 9 031 49 319 819
| LightSB] 003 008 028 060 005 009 024 062 007 011 021 037
|LightSB-M (MB)]  0.005 007 027 063 0002 004  0.12 036 004 007 0.1 023
[GMMflow (ours)] 1035 1468 1115 112 578 720 693 638 016 028 143 277

Independent coupling 166.0 152.0 126.0 110.0 86.0 80.0 72.0 60.0 4.2 2.52 2.26 2.4

To further benchmark our algorithm with respect to run-times, we provide wall-clock times for both
training and inference with respect to the number of components and the problem dimensionality
for the boundary distributions provided in the EOT benchmark. We report these values in Table 7
below.

Table 7: Training time for for EOT benchmark.

Dim\ # comp | 5 10 20 50 100

2 0.209 | 0.0595 | 0.1083 | 0.2303 | 1.0256
16 0.0567 | 0.0948 | 0.1413 | 0.4218 | 3.3918
64 0.182 | 0.2228 | 0.7217 | 1.2875 | 2.1431
128 0.2802 | 0.4562 | 0.7713 | 1.6164 | 3.4101
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Table 8: Inference time for for EOT benchmark.

Dim\ #comp | 5 10 20 50 100
2 0.037 | 0.031 | 0.031 | 0.032 | 0.030
16 0.032 | 0.032 | 0.032 | 0.033 | 0.032
64 0.032 | 0.032 | 0.032 | 0.032 | 0.039
128 0.032 | 0.033 | 0.036 | 0.032 | 0.082
£=0.00 £=0.10 £=5.00

1o s 0 5 1 -0 5 0 5 10 -0 -5 0 5 10
Figure 8: Gaussian to with LTI prior dynamics.

We note that because the EOT benchmark uses an initial Gaussian distribution and a GMM terminal
distribution, there is no point in reporting metrics such as marginal distribution accuracy or transport
plan optimality, since these will perform best when the number of components used in GMMflow
matches the setting of EOT benchmark. Furthermore, exploring how well a GMM approximates
a general distribution as the number of components increases is a well-studied problem and goes
beyond the scope of our work; therefore, we do not provide experiments that explore this issue.

C.5 Problems with LTI Prior Dynamics

To test the algorithm on more complicated dynamical systems, we use the 4-dimensional Linear
Time-Invariant (LTT) system

dxy = Axy dt + Bugdt + D dw, (B.21)
with
I R
and boundary distributions
8
po = Z é/\f ([10 cos(km/4); 10sin(kn/4);0;0],0.414) , (B.22a)
p1= .];\7(204, 0.414) . (B.22b)

We note that solving problem (12) with the dynamical system (B.21) in place of (12b) is not currently
solvable using any mainstream neural SB solvers because the stochastic disturbance dw in (B.21)
does not enter through the same channels as the control signal u; and the state ;. The only available
method to solve this problem is detailed in Chen et al. (2016), which, however, assumes access to
the solution of the static EOT problem (1) with boundary distributions (B.22), and a closed form of
the probability density transition kernel included by the dynamical system (B.21) for u; = 0. The
results of our approach are illustrated in Figure 8.

To solve the Gaussian Bridge sub-problems with a dynamical system of the form (B.21) we use
the discrete-time convex formulation of Rapakoulias & Tsiotras (2023). We also include a brief
overview of the method in Appendix D. Each continuous-time Gaussian Bridge is discretized (in
the temporal dimension) into 101 steps over uniform intervals of size At = 0.01. We used MOSEK
(Mosek, 2020) to solve the resulting semidefinite programs.
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D Gaussian Bridge for Linear Time-Varying Systems

In this section, we briefly review the available methods in the literature to solve the Gaussian Bridge
problem with general LTV dynamics of the form (A.1). That is, we consider the problem

1
in E 2 1
mig B | [ o) Par). (€12
d]?t = Atl‘t dt + Btu(l‘t) dt + Dt dw, (Clb)
xo ~ N(po, Xo), 21 ~N(p1,%1). (C.10)

The solution of problem (C.1) is used to solve the Gaussian Bridge problem for the example in
Section C.5 and is relevant to applications with prior dynamics of more general structure such as
mean field games (Bensoussan et al., 2016) and large multi-agent control applications (Saravanos
et al., 2023) or higher-order distribution interpolation problems (Chen et al., 2018, 2019). The
existence and uniqueness of solutions for problem (C.1) are studied in Chen et al. (2015a); Liu
et al. (2025); Liu & Tsiotras (2024). Since the state of (C.1b) remains Gaussian throughout the
steering horizon, i.e., z; ~ N (u, X¢), the problem simplifies to that of the control of the first two
statistical moments of the state, namely the mean p; and the covariance ;. Using a control policy
parametrization of the form

u(z) = K(x — pg) + v, (C2)
allows for the decoupling of the propagation equations for the mean and covariance of the state.
More specifically, applying (C.2) to (C.1b), the equations describing the propagation of u; and X
yield (Sarkkd & Solin, 2019, Section 5.5)

Zt = (At + Bth)Et + Et(At + Bth)T + DtD;r, (C3a)
fiy = Agpig + Broy. (C.3b)

Expanding the expression (C.3a) and performing the change of variables U; = K;3J;, we obtain
Yy =AYy + %4 A] 4 ByUy + Ul B + D:DJ, (C.4)

which is linear in Uy, ¥;. Furthermore, substituting (C.2) into the cost function (C.1a) and using the
cyclic property of the trace operator along with the standard properties of the expectation yields

1 1 1
E {/ e ()] dt} = / vjvg + tr (KtZthT) dt = / vivg + tr (UtEt_lUtT) dt. (C.5)
0 0 0
Equations (C.3b), (C.4), (C.5) can be used to reformulate problem (C.1) to a simpler optimization
problem in the space of affine feedback policies, parameterized by U; and v;. To be more precise,
problem (C.1) reduces to

1
‘mggﬂié vjvy + tr (U2 TU]) dt, (C.6a)
¥ = A%y + A} + BU, + U B} + DDy, (C.6b)
iy = Agpis + By, (C.6¢)

which can be further relaxed to a convex semi-definite program using the lossless convex relax-
ation (Chen et al., 2015b)

ut,gl,izr:,Ut /01 vjvg + tr(Y;) dt, (C.7a)
U U = Y (C.7b)
¥, = AX + A + B,U, + U] B] + D, D], (C.7¢)
f1e = Ay + By, (C.7d)

after noting that the constraint (C.7b) can be cast as a Linear Matrix Inequality (LMI) using Schur’s
complement as

U Y

Problem (C.7) is still infinite dimensional since the decision variables are functions of time ¢ € [0, 1];
however, it can be discretized, approximately using a first-order approximation of the derivatives in
(C.7¢), (C.7d) (Chen et al., 2015b) or exactly using a zero-order hold (Liu et al., 2025; Rapakoulias
& Tsiotras, 2023), and solved to global optimality using a semidefinite programming solver such as
MOSEK (Mosek, 2020).

[Et UtT] = 0.
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Figure 9: Further examples for the man-to-woman Image-to-Image translation task.
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Figure 10: Further examples for the adult-to-child Image-to-Image translation task.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: An accurate overview of the method, along with all the main claims about of
the proposed approach are clearly stated in the abstract.

Guidelines:

¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The main limitations of the paper stemming from the applicability of Gaus-
sian mixtures to high-dimensional problems have been well discussed.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: All proofs are provided in the Appendices.
Guidelines:
* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide extensive details about all the experiments we conducted in the
Appendices.

Guidelines:
* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.
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(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide a link to a public implementation of our method in the abstract.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide enough details in the experiments section of our paper, as well as
in the Appendices.

Guidelines:
* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.
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* The full details can be provided either with the code, in the appendix, or as supple-
mental material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide confidence intervals for the SWD and MMD indices in Table 3.
We argue that the FID scores in Tables 1 and 2 do not need a confidence interval because
they are computed with a very large number of samples (10,000).

Guidelines:
* The answer NA means that the paper does not include experiments.

* The authors should answer ~’Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide details about the computational resources used to conduct the
experiments.

Guidelines:
* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics
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Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read and comply with the NeurIPS Code of Ethics.

Guidelines:

The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We discuss the broader impact of the method at the end of our paper.

Guidelines:

The answer NA means that there is no societal impact of the work performed.

If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work does not include pretrained Large Language Models or large
datasets.

Guidelines:

The answer NA means that the paper poses no such risks.
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Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We properly cite any third-party tool used in our paper.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]

Justification: We provide a public implementation of our algorithm in the abstract.

Guidelines:

The answer NA means that the paper does not release new assets.

Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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15.

16.

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]

Justification: We do not have any crowdsourcing experiments or experiments including
humans.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

¢ According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: We do not have any experiments including humans.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We do not use LLMs in any part of our research.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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